One-Dimensional Green’s Function

Consider the sojution of the D.E.

with

G
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1. Closed-¥Form Solution

Propose the solution

where U (x) and T (x) satisfy
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(see also Balanis, Ch. 14)
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T (x) = AsinBox—+ Bcos Pox

T{x) = Asinfox
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U(x) = A"sinBox+ B cos fox

with U () =
U(b) =A'sinBeb+ B cosBppb =0 —
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B sinfob
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U(x) = B"sin Bg (x - b)

in which B = —B'/sin(Bob).
The expression for the constant C is
C=-[UE)T'W)-U'(x) T(X)]
+(AB") |BosinBox’ cos Po(x' — b} — By cos Pox sin o (x' — b)]

)
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Thus, the final expression for G{x, ) is
sinBoxsin By (x' — b)

Glx,x') = BosinBob e
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2. Eigenfunction Representation of G(x,x")

Here we construct G{x, X') as a superposition of functions which satisfy the wave equation and the associated
boundary conditions, viz.

oo

Gix,x') = 2 n W (X)

n=—oa

where y,, (x) are the solutions to

a2y,
dz

and s, (x) are referred to as the natural (source-~free) solutions/modes or simply the eigenfunctions of the
problem. To find v, (x) we proceed to solve the wave equation in the usual manner. We set

+B21|!n-'0 W (0) =w(b) =10

W, (x) = AsinBpx+ Bcos Bx

and since
Y, (0)=0 = B=0

Also,

Y (b) =0 == ,(b)=AsinB,b=0 —
Brb = nm n=1,2 ...



Thus, B, = % and are referred to as the eigenvalues of the problem. Finally,

Y, (x) = Asin %x

For normalization we will set A = 1/2/5 so that [y [y, (x)]?dx = 1.
To find a,, let’s consider the D.E. satisfied by G and w,,:

v + B =0 Gy + BoynG =0
—
G" +B3G = —5(x— ) VaG" -+ BRG, = —8(x— ¥ )y,

Subtracting the latter gives

(G, + BrwnG — WG — B3G,] = 8(x — &) W (x)
(G — WG] = (Bg — B2)WnG + 8(x — &) yi (%)

Next, we integrate both sides to eliminate the delta function. We have
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and upon introducing the eigenfunction representing for G(x,x') we get

b b
(B% - Bi) Z amf YW dx = _/ W, (x) S(x—x") dx
=0} a a
Finally, noting that
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(i.e., making use of the eigenfunction orthogonality) yields
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(B3 — B2)a, = — fo Wi () 8(x — &) dx —>

or

a :_Wn(x’)
" BB

If the excitation is a function f(x) instead of the impulsive source —&(x — x’), then

b
Ay == +[—3§—i""ﬁ—2/a Wa(x) f(x) dx

The complete Green’s function then takes the form

= 2 sin (2% sin (%x) HT
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Corollary:
Since G" + P3G = —8(x - '), it follows that

2\ = sm”“x’sm@x 2 sm"”‘x’sm ,
[(b)i R | =)

fi=—uo

2sinmx sin =+3(x— )
,sin— . X—x

= ¥ (1) yj(¥) = 8(x~7)

This latter resultis referred to as the completeness identity or completeness theorem.



Summary

In general, to solve the D.E.

d’g
Ex—g‘f'ﬁog(x) = f(x) +B.C.
write
o Oq g'(a) +-Bagla) =0
glx) = 2 ap Yy (x) :
= —ee 0 g'(b) 4Py g{b) =0
Next consider the solution of )
dy, 2
e P =0

with B.C.

Oy ‘I":z (a)+Bayn(a) =
oy W, (B) + By (b) =

b 1 m=n
ﬁ\thﬂﬂ—L)m#n

to normalize the orthogonal functions ,(x). Upon finding the eigenfunctions (v,,) and eigenvalues (B,,)
the coefficients are found from

Note: Choose
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Sturm-Liouville Problem

(See pp. 867-869 Balanis.) Consider
L+B3rix)] gl = f(x)  +BC.

where

d d
L _— — — | -
o (p(X) dx) q(x)
is a general differential operator. To obtain the solution for g(x), write

o

g(x): Z am‘Vm(x)

M=—c0

where
[L+B; r(a)]wn(x) =0

and we normalize y,,(x) so that

1 m=n

b
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The functions W, (x) and g(x) satisfy the D.E’s

g () [L+B; r(x) walx) =
W () [L+ B% r(x)] g(x)

Fx) v (x)

Subtracting we get
(gL —uLg]+ (B, ~ Bg) r(x) g¥n = — F(x) Wy (x)

Next we integrate both sides to get

b b
fa [SLW::“%LE] dx+/a ( EI_B%) r(x) g(x) Wn(x) dx= _l/abf(x) WH(JE) dx

Next, upon making use of the property

(s Twtar= [win{Lsilds o (glu)=(vle)

(a property of Hermitian operators), we get
b

B8 S [ anrtwde=— [ dwga

= —oo 4

Finally, on invoking the orthogonality of vy, we obtain

1 b
an = —m/a Flx) v fx) dx

implying that
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