Scattering From an Infinite PEC Cylinder (Balanis 11.5 pp. 607-617)
Formulation for TM, incidence

To characterize the interaction of a plane wave with a cylindrical object, we must first represent the
plane wave as a sum of cylindrical waves.

Note that this is possible because both plane waves and cylindrical waves for a “complete set” of modes.
Specifically, any fields may be written as either a series of plan waves or a series of cylindrical waves.

For TM, incidence: ( E field along axis of cylinder)

E=E

H' =-yH]

The incident plane wave takes the form

E' = ZE! = ZE e ' = ZE e /17

B 2B =3 "3, (Bp)e" = > AeM

The above is similar to a Fourier series in cylindrical coordinates. Specifically, we have,

A = ZLJ‘OZE e rele Mdg = "I (Bp)=4a,d,(Bp). Notethat J, (fp) is small for Bp >>n .
7

Thus, the # of required modes is proportional to the electrical size (radius) of the cylinder. For very small

cylinders (ﬂp - 0), and we only need then =0 term.

The total field in presence of the cylinder is the sum of the incident field plus the scattered field.

E'(p.¢)=E'(p.¢)+E*(p.9) B\ o



The scattered field can also be written as the sum of cylindrical waves:

E=E, 3 c HP(fp)e™
S outgoing wave

)

In this, the scattered fields are outward traveling. Also, ¢, are the coefficienst of each Hankel Hr(]p .

The Hankel functions can be expressed in terms of the 1* and 2" kind. Bessel functions, viz.

H @(ﬂp) =J, (ﬂp)+ JY, (,Bp) (inward e % traveling wave)

H EZ)(ﬂP) =] n(ﬂp) —-JY, (,Bp) (outward e*"% traveling wave)

This is exactly analogous to:

e 7% = cos Bx + jsin Bx (traveling wave along —X)

e %% = cos Bx — jsin Bx (traveling wave along +X)

Note that the Bessel and Handel functions are the only valid solutions of Maxwell’s equations in source
free regions. When multiplied by the appropriate angular dependence, i.e. e for2D problems, we

have the solutions

= J.(Bp)e™. Y, (Bp)e™

HE(Bp)e™, HE(Bp)e™

We can solve for scattered fields by applying the boundary conditions for the PEC cylinder, viz.

= |E; :0|p:0 =E(p=a)+Ei(p=0a)=0
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Since e are orthogonal in¢g € [0 272] each “n” term must vanish independently. Enforcing this

condition, we get

= j".(Ba)+c.HP(Ba)=

= Ch="— j " J (ﬂa)
H{P(pa)
Therefore, we can write the scattered field, E®, as
E* =-ZE, Z j Jn (ﬂa) HP(Bp)e™  (TM, incidence)
=) HP(pa) "

Scattered fields look like far away from the cylinder (Far Fields)

The Hankel functions have an asymptotic approximation for fp — o,

o [2]
@ Bp — large) ~ jhe | =
( ) p

This is a wave that travels outwards (+p) direction and decaying as %/— , Vi.z cylindrical wave. Using
o

this asymptotic approximation for the Hankel fuction, E® becomes
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Scattering from a PEC cylinder, TE, incidence

H field parallel to cylinder’s axis



As before, the incident plane wave in the series:

Hi=2He " = iH, i i3, (Bp)e™

To enforce the boundary condition E,,, =0 on the cylinder’s surface, we proceed to evaluate E .

1 1 ( 1aHZ_¢;aHj

E'=—VxH'=
joe joe\" p 0¢ op

giving

e= 25 (g (ﬂp)em‘”j
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Similarly, the scattered field can be expressed as:

H°® =7H, Z d,H,? (Bp)e™

gr=— i Mo 3 g npa(go)er
Jos p 0p @& pn=—

£i=-210 § .1 (o)™

ja)g n=-o0

Enforcing the boundary conditions: Etan (,0 = a) =0
gives
Es(p=2)+Ej(p=2)=0

Hob 5 > I (Ba)e - Hop > dnH®' (Ba)e™ =0

Ja)é‘n —0 Ja)é‘n —0



Again, to enforce the boundary conditions, the individual summation terms must vanish. Enforcing this,

gives

i3, (Ba)+d, HP (Ba)=0

dn :_j—n ‘]n ,(ﬂa)
HY (Ba)
Therefore,
H, =M, 3 o2 (2 HY(Bp)e™

for TE incidence.
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FIGURE 11-13 Two-dimensional TM® bistatic' scattering width (SW) of a
circular conduecting cylinder. (Courtesy J. H, Richmond, Ghio
State University.)
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FIGURE 11-15 Two-dimensional TE® bistatic scattering width (SW) of a
cirenlar conducting cylinder (Courtesy J. H. Richmond, Ohio
State University.).



