ElectroScience Lab-Volakis

Solving Maxwell’s Equations Using
Potentials: Given J find (E,H)

e Start with:
Verz—ja),ul-_le (D
V x He :+ja)(9|§e +J (2
elntroduce a simple differential equation:
Be:,ul-_le:VxA 3)
1

H ==VxA (4)
€ u

> VeVxA=0.. VxB=Ve(uH)=0
Substituting (4) into (1): Ver :—ja)%Vx A= Vx(Ee+ joA)=0

eRecall the old static equations: VxV®d =0, E —Vo

static —
=— VDg-joA

Thus, we set EA + joA=- VD, = E
From (2):

A

VX(VZA} = jowe(— V(De-ja),& )+ =-jweVdg + a)z,ug A+J (k= %) (5)
k2
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o To simplify the double curl, note

VXVXAZ—VZ

Substitute (6) into (5): V2A+k

A+V(VeA) (6
ZA:V(ja),ua(De +Ve A)+yj
+ Vx A has derivatives different from V e A and a function is not completely
defined until all derivatives (recall Taylor series) are known,
VeA
— Joue
2% 1L2% _ .7 ) 2,5 _
VEA+Kk"A=-puJ (component form:V=Aq +K“ Ay =—uly)

e In spherical coordinates, for one component, this becomes

rizg(rz %“ra]"'sza:O (7)

- we can arbitrarily set Ve A=—jousPy = Op=
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f(r) 0° )
eTosolve (7),set A(nN=—= = P (r)+k*f(r)=0

r r
whose solution is f(=Ce ™ +C,e"
From the Sommerfeld condition, keep only the outgoing wave:

e—jkr

Aa = C1
;

To account for sources, recall that from statics the solution of
Lor2 )0 s v=S
r< or or r
E

e T he solution of

is  V(r,¢,0)= Qgr—> (I p(T) dv' = _(F')

4. A7, |F—T’|

e Therefore C, = Q
4re,
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eSimilarly, VzAa:—yJa implies Aa(r):jjjz:‘?(r)dv

The |F—T'| term provides the shift due to the off center location of the source.
A

eBecause the fundamental solution function “| T-aisir-r Ref—7
oIk 1
IS now —and not = B
r r’ ! observation
the integral for A, is modified to read: ’ point
oIk C, .
(Compare Ay =C; —Wlth V= ) X —>
b () —'kr—‘ ] ()—j r—r
H-a do' #oall)e dv'= AT
Aa =] 47z\r_r\ vt 1= 4 =AM

This can be a volume, surface or line integral, depending on the form of ja-
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_ =k dx
eGenerally A:L H (:1 )Tr ] di’  withdl'=<dy o
T — L
dz -

e\/olume (not often used for antenna analysis)

—_ _-kF_W / 1 1 1
A=][[ uI(Me. J_ " dV'=ax'dy’dz
Ax|r—T| dV ' =r2sinodrdgdo
e—jkr—r’ e_ij
Note: G(F,r)= 4ﬂ‘r_r,‘ or G(R):M—R
Then A:.[Iine, surface or volume uj(r')G(F, F’)dV '
(dxdy
eFor [[uJ(F)G(F,F)ds ds={dydz or ds=r2sin 9d6d ¢ ([[dQ2=4r steradians)
> dxdz dQ
eField Solution E =-V& —ij:—ja)A—V{ VeA }:—ja),&—jiVVoA
€ € — Joue OUE



