Cylindrical waveguide
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(Harrington p. 198; Balanis p. 471) T T 7
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Because g(¢) must be periodic with respect to ¢ we must have S, =m, m =0,1,2,3, ...
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P+ of + [(B,p)? — m?]f =0

This is the general Bessel’s equation and has the solution

F(p) = A Jn(Bop) + B Y (Bop)
or A H{(8,0) + B H (8,p)
or A Jm(ﬁpp) + B Hr(r}) (B,0)

+1(Bop)* ~m* =0

or

Thus, the complete solution for F, is
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with
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Bessel functions

(see p. 934 of Balanis)
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Bessel function Small arg, approximation | Large arg. approximation
Bessel function Jo(z) o (5) \/% cos (z — T — %)
of the Istkind | (compare to cos ) Jo(0) =1
Bessel function | Neumann function | v = 0
of the 2nd kind | N, (x) = Y, (z) No(z) = 21n (%) JZsin (2 —m)
v =1.781
compare tosinz | v#0
w(v—1}l 79\
Nyfo} = =22 (3)
Hankel function H(z) = HO(z) = = sog €7
of the Istkind | J,(z)+ jN,{(z)
compare to ¢k
Hankel function | H”(z) = H(z) = ~ \/% gtivmi2gjs
of the 2nd kind | J,(z} - jN,(z)
compare to ¢ 7k®
Modified Bessel functions Identity (B(z) + any Bessel) Identity
I,(z) = 7* Jy(—jz) Bly(z) = By-; — !B, By(z) = ~B(z)
K, (s) = 3(=j)"" HP (~js) By(z) = =By + 1B,
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Let us now apply the required boundary condition and rad. conditions (circular waveguide).

1) Assume propagation along - z.

2) Fylp=a,,z) =0.
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1 3.832 | 1.841 | 3.054

2 7.016 | 5.331 | 6.706

31 10.173 | 8.336 | 9.969
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TEq; is the lowest order mode.
= Cutoff frequency occurs when




where f. is the cutoff frequency of the mn mode. Note that
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Explicit TE* fields
1 oF, m . Bz
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As another example, if E, = 0at¢ = Oand ¢ = 7 = 2, then E,(¢ = 0) = 0= B, = 0.
Consequently
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TM” modes

A=2A,(p ¢, 2) — gives E, components for H, =0
A, = [Ar Jn(Bop) + B Yin(B,0)][A2 cos me + By sin meple 0= for +z-propagation

(2 + B2 = §* from wave equation, Must have E4(p = 0,¢,2) =0or E.(p = a,¢,2) = 0 and E
p T Pz q Pl
must be finite at p = 0.
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Since F, must be finite at p = 0,
Ay = [Ay Jo(B,0)][Az cos ¢ + By sin me|e 7P+
and from F, = E; = 0onp =a =
Im(Bpa) =0 = B0 = Xmn
since K, is finite at p = 0 we have
A = Jm(B,p) [Az cos me¢ 1 By sin mele 75
and from E, = E; = 0 on p = a we get

Im(B,a) =0 = B¢ = Xmn, n=123,...

Xmn Dave been tabulated.
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The cutoff frequency of each mnth mode is
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2405 0 3.832 | 5136 | 6.38
552 | 7.016 | 8417 | 9.761
8.654 | 10.173 | 11.620 | 13.015

L2 b = 3

TMy; is degenerate with TEg,.
TM3 <+ TE03

Formulas for A, Ag, efc., are the same as for the TE case with x) .. — Ymn.



Example of cylindrical cavity

E,=Qatz=0andz =h =
F,= A, Jn (,8,0,0)' [As cosme + Bssinme][Assin 8,z + B cos 3.z

p* =g+ B
Ep:—e—lp—%};z:() atz =0and 2 = h
= B;=0
and
sing:h=0 = Gh=pr = 622%73
Fy = App Jom(B,0) [Az cosme + B, sin me] sin %Z
Note that

fp=Nomm ﬁzz(x’“”) + (5

must be satisfied. This implies that only certain frequencies will excite the guide, i.e., when
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The lowest resonance is 7.

For h/a > 2 the (f.){]; is the lowest resonant frequency, i.e., TE;;; is dominant.
For h/a < 2 the TMy;3 mode is the dominant mode.

s = 57 [(X’”) + (&) ]
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Bessel functions
(see p. 934 of Balanis)
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Bessel function

z—0
Small arg. approximation

T — 00
Large arg. approximation

Bessel function Jo(z)

o (3)

JZ s (-5

of the 1stkind | (compare to cos z) Jo(0) =1
Bessel function | Neumann function | v = 0 i
of the 2nd kind | N, (z) = Y, (z) No(z) = 21n () JZsin(z -1~ m)
v =1.781
compare tosinz | v # 0

Hankel function
of the 1st kind

H(z) =

Jo(z) + Ny (z)
compare to e /5%
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Hankel function HY (z) =

of the 2nd kind | J,(x) — jN,(z)
compare to e~ 7+*
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Modified Bessel functions
IU(I) =" Jv(_jm)
Ky(z) = 2(—j)"* B (—ja)

Identity (B(z) + any Bessel)
Bl,(z) = B, , - !B,
By(x) = B, + B,

Identity
By(z) = - B(z)
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