Chapter 7

TRANSFORMATION OF COORDINATES. Let the rectangular coordinates (x,y,z) of any point be
expressed as functions of (u,,u;, u3) So that

Iy x = x(ty, Uy, g}, ¥ = ¥y, By dg), z = z(liy, Uy, Ug)

Suppose that (I) can be soived for u,w,, u; interms of x,y,z, Le.,
(2) u, = py(x,y.2), u, = uyx,y,7}, Uy = uy(x,¥,2)

The functions in (I) and (2) are assumed to be single-valued and to have continuous derivatives so
that the correspondence between (x,y,z) and (uy,u,, uy) 18 unique. In practice this assumption may
not apply at certain points and special consideration is required.

Given a point P with rectangular coordinates (x,y,z) we can, from (2) associate a unique set
of coordinates (i, us, tg) called the curvilinear coordinates of P. The sets of equations (Iy or ()
define a transformation of coordinates.

ORTHOGONAL CURVILINEAR COORDINATES. g CUIVe

The surfaces u,=¢, Up=¢p, Uiz=cy, Where
14 62,05 8Ie constants, are celled coordinate sur-
faces and each pair of these surfaces intersect in
curves called coordinate curves or lines (see Pig.1).
If the coordinate surfaces intersect at right angles
the curvilinear coordinate system is called orthogo-
nal, The by, u, and u, coordinate curves of a curvi- : _ y
linear system are analogous to the x,y and z cool-
dinate axes of a rectangular system.

Fig. 1

UNIT VECTORS IN CURVILINEAR SYSTEMS. Let r = xi +y] + zK be the position vector of a point
P. Then ¢(I) can be written 1 = r{x4, ug, us), A tan-

gent vector to the u; curve at P (for which u, and uy are constants) is _aB_r . Then a unit tangent
U3
vector in this dirsction is e; = =— | | so that —31 = h e, where hy = |3l | . Similarly, if
au1 H Bul

e, and e, are unit tangent vectors to the u, and z, curves at P respectively, then éa—r = hoe, and
kg

o hye, where h, = |_’<)_|L‘ and hy= |§5—| The quantities Ay, ko, Ay are called scale factors.

Juy Suy Aty

The unit vectors ey, e,, e are in the directions of lncreasing u,, uz, 45 , Tespectively.

since Ve, is a vector at P normal to the surface uy=¢;, & unit vector in this direction is giv-
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136 CURVILINEAR COORDINATES

en by E, = Vu1/| Vu1|. Similarly, the unit vectors E, = Vu2/| Vu,| and E, = Vu3/| Vu,| at p
are normal to the surfaces u,= c; and u,=c4 respectively.

Thus at each point P of a curvilinear system there
exist, in general, two sets of unit vectors, ey, e, ey tan-
gent to the coordinate curves and E,, E,, E; normal to
the coordinate surfaces (see Fig.2). The sets become
identical if and only if the curvilinear coordinate system
is orthogonal (see Problem 19). Both sets are analogous
to the 1,3,k unit vectors in rectangular coordinstes but
are unlike them in that they may change directions from

point to point. It can be shown (see Problem 15} that the

sets 2L , or , Of and Vus, Vi, Vu, constitute recip-
aui - aug aua Fig. 2

rocal systems of vectors.

A vector A can be represented in terms of the unit base vectors 2,85 e; o E,, E;, E, in the
form

A = Ao, + dye, + Ase; = a,E, + a,E, + g E,
where Ay, 45, 4; and ay, ay, a, are the respective components of A in each system.
We can also represent A in terms of the base vectors g_r . §£_ . ?%L or Vu,, Vi, Vi, which
SRR ., - ] By Oup Ol
are called unitary base vectors but are not unit vectors in general. In this case

A = Cl"'a?i._l + C'z——gé +C$B§1I_a = C18; + Co@, + Chay
and A = Vi + ,Vu, + gV, = 1Pyt cofbo + el

whete C,, C,, C; are called the contravariant components of A and ey, c,, ¢, are called the covariant

componrents of A (see Problems 33 and 34). Note that a -9 . B,=Vu, . p=1,23.
b a“p P P

ARC LENGTH AND VOLUME ELEMENTS. From r = F (44, 4y, ig) We have

dr = %—idui + aa—;dug + %;dua = hdue, + hyduge, + k dug e
Then the differential of arc length ds is determined from
ds? = dr-dr. For orthogonal systems, €118y = @p-8y =
€., =~ 0 and

2 _ g2 g2 2 g2 2 ;2
ds* = )'11 du1+h2du2+h3dua

For non-orthogonal or general curvilinear systems see.;-gfw
Problem 17. e

Along a u, curve, u, and u, are constants so that %@
dr = hy dus e;. Then the differential of arc length ds,
along u; at P is khydu;. Similarly the differential arc
lengths along u, and ug at P are ds, = hydu,, ds, = hodug,

Referring to Fig.3 the volume element for an or-
thogonal curvilinear coordinate system is given by Flg. 3
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AV = (hidugep)s (hpdugen) x (hadugesy| = hyhohs duydugdi,
since ei-egxes[ = 1,

THE GRADIENT, DIVERGENCE AND CURIL can be expressed in terms of curvilinear coordinates.
If & is a scalar function and A = A ey + dye, + Age,

a vector function of orthogonal curvilinear coordinates wug, up, ua, then the following results are valid.

5 - 1 od 1 9% 1 9%
I.VE = grad @ = W ous e, + b oul e, + i e e,
- _ 1 - - 9
2. V.A = diva = i [aui(h?hsAi) + auQ(hShlAQ) + aus(hlhﬁAg)]
hiey hyes hyey
- - 1 9 2 9
3. VxA = culA b by g 3w, du, Ou
hlAl hQAQ hSAS
T - westmar - ol [k 2E L 2 ek 28, 2 ks 28]
¢ Leplacian of @ = o 15 32 " 5 ) T 3 h )

If Ay=h,=hz;=1 and ey, e, e; are replaced by i,j,k, these reduce to the usual expressions in
rectangular coordinates where (4, us, us) is replaced by (x,y, 2). :

Extensions of the above results are achieved by a more general theory of curvilinear systems
using the methods of tensor analysis which is considered in Chapter 8.

SPECIAL ORTHOGONAL COORDINATE SYSTEMS.

1. Cylindrical Coordinates (0, ¢, z). See Fig.4 below.

n
]

x = pecos¢p, y = psing, =z

whete 020, 08¢ <« 27, ~w<z<®

ho =1, hg=p, hy=1

2. Spherical Coordinates (r, 7, ¢). See Fig.5 below.
x = rsind cos¢, y = rsind sing, z = rcosf

where r20, 0sp<2m, 0<8 <7

hy =1, hy=r, hy=rsiné




